Consider a n × n tic-tac-toe board. In each field of the board, draw a smaller n × n tic-tac-toe board. Now let super tic-tac-toe (STTT) be a game where each player's move dictates which field on the larger board a player must make their next move. We will play an impartial game of STTT where each player uses X. We define a set of actions on a game board which gives rise to a group-action on the game that creates equivalent games. We will discuss how the structure of this group-action forms a Dihedral group.
Introduction
Tic-tac-toe is a two player game where players X and O take turns marking a 3 × 3 grid. The player who successfully places three of their symbol in a horizontal, vertical, or diagonal row wins the game. The game of tic-tac-toe can be traced back to Ancient Egypt.
Alternate variations of tic-tac-toe have been developed over time, such as 3 dimensional tic-tac-toe on a 3×3×3 cube and Qubic played on a 4×4×4 matrix sold by Parker Brothers. Other versions include quantum tic-tac-toe developed by Allan Goff [2] and tic-tac-toe played on an affine plane [1] .
We will focus on the game of super tic-tac-toe (STTT), sometimes called ultimate tictac-toe. Super tic-tac-toe has been used in the computer science community as an example of Monte-Carlo Artificial Intelligence. Suppose we have a standard 3 × 3 tic-tac-toe board. Now, inside each of the 9 squares, we place another tic-tac-toe board ( Figure 1) .
We refer to the larger 3 × 3 grid as a board and the 9 smaller 3 × 3 grids as fields. Player 1 plays X's and player 2 plays O's. Now, suppose that player 1 decides to put an X A game of super tic-tac-toe is won in a very similar fashion as a tradition tic-tac-toe game is won: You must get three X's or three O's in a row on the board. In order to get an X or and O on the board, the player must win the game of tic-tac-toe in the corresponding field ( Figure 3) .
It is possible for a game of tic-tac-toe to end in a draw; meaning that no player successfully placed three of their symbol in a row. If that happens in one of the fields on the board of super tic-tac-toe, then the player who has the most of their symbol in that field will win that square on the board. It is also possible that the current players move will send the next player to a field that has already been won. In this case, the next player is allowed to move anywhere on the board. We can generalize super tic-tac-toe to be played on an a n × n tic-tac-toe board, where another n × n tic-tac-toe board is contained in each of its n 2 squares on the board. We refer to the larger n × n board as an n-board and the smaller n × n boards as i-fields. Definition 1. An i-field, F i , is an i × i array with positions a i,j for 1 ≤ j ≤ n 2 where the label ordering for j occur in a counter clockwise spiral. For example, Note the a i,j position is empty, an O, or an X. Definition 2. An n-board, B n , is an n × n array of fields, F i , written in a counter clockwise spiral. For example, The set of all n-boards is denoted by B n . We can represent an n-board B n ∈ B n by a list, 1 , a 1,2 , a 1,3 , . . . , a 1,n 2 , a 2,1 , a 2,2 , . . . a 2,n 2 , . . . a n 2 ,1 , a n 2 ,2 , . . . a n 2 ,n 2 ].
To win a square on the n-board, the player must place n of their symbols horizontally, vertically, or diagonally in a row in the corresponding i-field. In the case of a tie on an i-field, the player that has more X's or O's on the smaller board wins the larger board.
We will follow the rules laid out in [3] . While the game is played, the current move a player makes in an i-field dictates the square on the n-board where the next player must move. In particular, if a player moves in position a i,j , then the next player must move in F j . For example, if the current player moves in position a 8,4 then the next player must move in F 4 . If a player is sent to a square on the n-board that is already won, the player can choose any i-field to play in.
We will focus our work on impartial super tic-tac-toe with misere rules. Both players play X and the player to complete n in a row on the board loses. In [5] , the structure of misere tic-tac-toe was studied for disjunctive 3 × 3 games, that is a game with an arbitrary number of 3 × 3 boards.
We want to study the structure of the board in super tic-tac-toe. In particular, we want to impose a set of group actions and look at the symmetries in different boards. We will look at the structure of any size n × n super tic-tac-toe board and prove that the group actions are isomorphic to a dihedral group D m .
3 Decomposition of a n × n Square Given an n × n square board, we number each square starting with 1 in the upper left corner and moving counter clockwise. If the next square has already been filled with a number, place the next number in the square below the current position and repeat until all n 2 squares have been filled ( Figure 5 ). We refer to such a square as a numbered square.
Given an n × n numbered square, we can decompose the board into layers ( Figure 6 ). If n is odd, layer 1 is the inner most 1 × 1 square, layer 2 is the set of squares surrounding layer 1, layer 3 is the outer set of squares surrounding layer 2, and so forth. If n is even, layer 1 is a 9,1 a 9,8 a 9,7 a 9,2 a 9,9 a 9,6 a 9,3 a 9,4 a 9,5 a 6,1 a 6,8 a 6,7 a 6,2 a 6,9 a 6,6 a 6,3 a 6,4 a 6,5 the inner most 2 × 2 square, layer 2 is the set of square surrounding layer 1, and so forth.
For an n × n square, there are n + 1 2 layers.
Definition 3. Given an n × n numbered square, the k th level set is the list of numbers
If n is odd, then the 1 st level set has cardinality 1, and the k th level set has cardinality 8(k − 1). If n is even, then the k th level set has cardinality 4 + 8(k − 1). 
A rotation of an n × n numbered square is a counter clockwise rotation in each layer given by
where l = n + 1 2 is the number of layers in an n × n square (Figure 7 ).
Let [a 1,1 , . . . , a 1,n 2 , a 2,1 , . . . a 2,n 2 , . . . a n 2 ,1 , . . . a n 2 ,n 2 ] represent B n ∈ B n . We define Σ : B n → B n by Σ ([a 1,1 , . . . , a 1,n 2 , a 2,1 , . . . a 2,n 2 , . . .a n 2 ,1 , . . . a n 2 ,
In other words, Σ is a counterclockwise rotation of an n-board whose fields have also been rotated in a counterclockwise manner (Figure 8 ). 
Reflections of a Super Tic-Tac-Toe Board
Consider an n × n numbered square with l levels, with [k 0 , k 1 , k 2 , . . . , k j ] as the k th level set. A reflection of layer k is a reflection about the axis from the upper left corner of layer k to the lower right corner of layer k defined by
A reflection of an n × n square is a reflection about the axis from the upper left corner of the square to the lower right corner of the square is defined by
where where l = n + 1 2 is the number of layers in an n × n square (Figure 9 ).
Let [a 1,1 , . . . , a 1,n 2 , a 2,1 , . . . a 2,n 2 , . . . a n 2 ,1 , . . . a n 2 ,n 2 ] represent B n ∈ B n . We define P : B n → B n by P ([a 1,1 , . . . , a 1,n 2 , a 2,1 , . . . a 2,n 2 , . . .a n 2 ,1 , . . . a n 2 ,n 2 ]) = [a ρ(1),ρ(1) , a ρ(1),ρ(2) , . . . , a ρ(n 2 ),ρ(n 2 ) ].
In other words, P is a reflection of an n-board whose fields have also been reflected ( Figure  10 ). 
Figure 10: Reflection of a 2 × 2 super tic-tac-toe board
Group Action of a Super Tic-Tac-Toe Board
Before we state our main result, we present an example to help motivate the results.
Example 2. Consider the 2 × 2 super tic-tac-toe board. If we continue to rotate the boards, we see that there are 4 game board configurations (Figure 11 ). If we reflect the board, we see that there are 2 game board configurations ( Figure 12 ). 
Figure 11: Rotations of a 2 × 2 super tic-tac-toe board
Notice that we can can do any combination of rotations and reflections. By reflecting, rotating, reflecting and rotating, we end up back at the original game board: We conclude that the group generated by D 4 = Σ, P | (ΣP ) 2 = Σ 4 = P 2 = 1 acts on the 2 × 2 game boards of super tic-tac-toe.
We are now ready to state our main result. • m=LCM(4n − 4, 4n − 12, · · · 8, 1), if n is odd.
Proof. Let [a 1,1 , . . . , a 1,n 2 , a 2,1 , . . . a 2,n 2 , . . . a n 2 ,1 , . . . a n 2 ,n 2 ] represent B n ∈ B n and let Σ and P be defined as above.
Let m be the order of the rotation Σ. Then m is the least common multiple of the orders of each cycle σ k for k ∈ [1, l], where l = n + 1 2 . If n is even, then the order of σ k is 4 + 8(k − 1). If n is odd, then the order of σ k is
The order of the reflection P is 2 since P is a product of transpositions. If we show that (ΣP ) 2 = 1, then we've proved our theorem since D m has a presentation given by Σ, P |Σ m = P 2 = (ΣP ) 2 = 1 . We can write: 1,1 , . . . ,a 1,n 2 , a 2,1 , . . . a 2,n 2 , . . . a n 2 ,1 , . . . a n 2 ,n 2 ])
since σ k and ρ j are disjoint, if k = j. Now, Suppose α is in layer k of a field (or board). Then,
Thus can rewrite Equation (1) as
. . a n 2 ,1 , . . . a n 2 ,n 2 ].
Therefore, (ΣP ) 2 = 1 proving the result.
Group Actions of Super Tic-Tac-Toe Games
A game, g, of impartial super tic-tac-toe can be represented by a list g = [α i 1 ,j 1 , α i 2 ,j 2 , . . . , α ir,jr ], where α i l ,j l is the position of the l th move in the game. Recall that the current player's move determines the i-Field that the next player is allowed to play in. Consider the l th move of the game, α i l ,j l . By the rules of our game, j l will dictate i l+1 . That is, if F j l is not already won, then i l+1 = j l . If F j l is already won, then i l+1 = j l .
We define the group action of games in a similar manner to the group action on n-boards. Let g = [α i 1 ,j 1 , α i 2 ,j 2 , . . . , α ir,jr ] represent a game of super tic-tac-toe and G be the set of all games. A rotation of a game, g is given by:
A reflection of a game g is given by:
We need to check that the game structure and rules will hold for STTT boards under the group actions. Since we rotate or reflect both the game board as well as the i-fields, it is easy to see that the l − 1 move will still dictate the correct i-field for the l th move when there are possible moves in that i-field. It remains to show that if the i-field for the l th move is won, then a move is available in another i-field that is not affected by a rotation or reflection. Proof. Using the STTT rules, we need to verify that Σ ([α i 1 ,j 1 , α i 2 ,j 2 , . . . , α ir,jr ]) and P ([α i 1 ,j 1 , α i 2 ,j 2 , . . . , α ir,jr ]) are valid game boards. Suppose we have a game, g = [α i 1 ,j 1 , α i 2 ,j 2 , . . . , α ir,jr ] whose first l − 1 moves are into fields with available positions, but whose l th move is into a field that has already been filled. Then we have i l+1 = j l . Consider the rotation of g:
We have σ(j m ) = σ(i m+1 ) for m ∈ [1, l − 1]. So, the game structure is preserved for the first l − 1 moves. However, σ(j l ) = σ(i l+1 ). We need to verify that this l th move is allowed. In terms of game play, this means that if a player has played in position α σ(i l ),σ(j l ) , then the next player can play in position α σ(i l+1 ),σ(j l+1 ) .
Suppose not. Then, this means that α σ(i l+1 ),σ(j l+1 ) has already been played. Therefore,
However, this is a contradiction since p < l + 1. Therefore, Σ([α i 1 ,j 1 , α i 2 ,j 2 , . . . , α ir,jr ]) ∈ G. A similar argument holds for P .
Applications and Further Questions
The D m action on games and boards allows us to group together games which have similar structures. For a game g = [α i 1 ,j 1 , α i 2 ,j 2 , . . . , α ir,jr ] in an n × n super tic-tac-toe board, we are able to keep track of the order in which the plays are made. If we only look at the winning game, where an X has been played in each of the positions α i 1 ,j 1 , α i 2 ,j 2 , . . . , α ir,jr , then it is not always possible to determine the order in which the plays were made. We say that two games g 1 and g 2 on an n × n super tic-tac-toe board are isomorphic if there exists an element γ ∈ D m so that γ(g 1 ) = g 2 . In the last example, we are able to observe that there are 4 elements in the isomorphism class of [α 3,1 , α 1,1 , α 1,3 , α 3,3 ] .
If we forget about the order in which the X's are played and only look at the structure of a winning game, we can talk about isomorphism classes of winning game boards. Definition 4. Letḡ ∈ B n be the game board for a winning game g in n × n super tic-tac-toe. The game boardsḡ andḡ are isomorphic if ∃ γ ∈ D m so that γ(ḡ) =ḡ . We say thatḡ and g belong to the same isomorphism class.
The two game boards in Figure 14 represent the isomorphism class for the game board for g = [α 3,1 , α 1,1 , α 1,3 , α 3, 3 ]. If we continue to look at winning game boards for 2 × 2 super tic-tac-toe, we find the following:
• There is 1 isomorphism class of game boards with 2 elements. This is precisely the class represented in Figure 14 .
• There are 19 isomorphism classes of game boards with 4 elements.
• There are 228 isomorphism classes of game boards with 8 elements.
A complete list of winning 2 × 2 super tic-tac-toe game board isomorphism classes was developed through a python code and can be found in Appendix A. 
Questions
It is natural to try to extend finding isomorphism classes to larger super tic-tac-toe boards. Once this is done, it would be interesting to see if there are any patterns in how the size of the isomorphism classes grow as n grows. We could also look at how the number of winning games with a certain number, say the largest number of possible moves to get a winning game, changes as n increases.
Another interesting direction to take this work is towards other variations of tic-tac-toe. For instance, could a three dimensional tic-tac-toe game support a "super" version? In the Figure 16 : An example of an isomorphism class with 8 elements for a 2 × 2 board regular 3 × 3 × 3 case, the first player can easily when by playing in the middle. Would the same hold for a super 3×3×3 game of tic-tac-toe? In Qubic, a 4×4×4 version of tic-tac-toe, player 1 can force a win [4] . Is this still true for "Super Qubic"? Tic-tac-toe has been played on a torus. What about super tic-tac-toe?
A Isomorphism Classes for 2 × 2 STTT Boards
There is 1 isomorphism class of order 2, 1 isomorphism classes of order 4 and 228 isomorphism classes of order 8. Below are the isomorphism classes. Note that in each list, a zero in the a i,j spot corresponds to nothing in the a i,j position in the 2-board and a 1 in the a i,j spot corresponds to an x in the a i,j position in the 2-board where (a 1,1 a 1,2 a 1,3 a 1,4 a 2,1 a 2,2 a 2,3 a 2,4 a 3,1 a 3,2 a 3,3 a 3,4 a 4,1 a 4,2 a 4,3 a 4,4 ) corresponds to the board: 
